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l. A Snapshot on Light-Front dynamics: x*=t+z=0

S.J. Brodsky et al. | Physics Reports 301 (1998) 299486

The instant form The front form The point form
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Fig. 1. Dirac’s three forms of Hamiltonian dynamics.



Properties of LF quantization

Trivial vacuum - perturbative (except for zero modes);

Maximal number of 7 kinematical transf. (3 boosts + 1 rot. + 3 transl.)
Truncation in the Fock-space not stable under rotations around
transverse directions (non-kinematical boosts).

Light-Front time x*: 7 = 1 + 2/c

Generator of LF time translations

4

p= (pt.p7.pL) pT=p%xp?

Kinematical generators of translations
Mass square Fock-space operator

Hpp =p p" —pi

Particles: eigenstates Hyr|p) = M3|p)



Properties of LF quantization

“Two-particle state” (valence component with two-particles):

p) = Z/ [dai] [d*kit] Ynyp(ziskis, Ni)|n o zipT, zipr +kit )
n>2

n n

/ d:n d2 l_]_ H/dml;i;;;_:} 1-— Za:_7> 167° 5(2)(2 k_]_j)

=1 =1

[ Fock-amplitudes: wn/p(miak’i_l_) = <n : -’Uz',kz‘_L|P>J

* Relation with covariant quantum field theory formulation ?



ll. Bethe-Salpeter amplitude & LF wave-function

H.A. Bethe, E.E. Salpeter, Phys. Rev. 84 (1951) 1232

T [ et = O (o) )

Xt = (af +28)/2, ot = 2 — 2f XH

~—/

| a.p) = O {2~/ 2)} ) =

]3 Ipn> = DPn |pn>

Full complexity of the Fock-space is necessary to describe the BS amplitude!
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Valence component & BS amplitude @ equal LF times

/E/" - llll(l) O(z,p) = (0lp(z/2) p(—2/2)|p)
! =0+

L T
LT T T e e e T T T T T TS 0 -

_ Z cf'_'i(p"_p/;z)_f+/2 (()|i,3(‘i’/2) |pn~> <1~7n|"r9(_i’/2) |])>

n 0

= <O|s«°(i‘/ 2)59(—i’/ 2)|P> valence wave function

> dk~ TP
Gnmapl k) =9t (1=) [ G (k. p) | pFo0Ner ransh

-0 =

Is it possible from the valence wf retrieve the full BS amplitude? Yes!

How to reveal the Fock-space structure with electron scattering?



lll. Principles: Mandelstam formula - impulse approximation

STRATEGY 1

» Chargeless particle exchange & point-like vertices:
Current conservation;

 Input BS amplitude (e.g., use a model or solve BS
equation or use a systematic 3D reduction to LF);

STRATEGY 2

* Phenomenology uses a naive LF reduction (elimination of the
relative LF time) - integration over k- and use further constraints on
the valence wave function (it can be done systematically if the
underlying field theory is given);

» Applications to pion and nucleon form factor (lessons for the
systematical reduction to LF).

Frame for evaluating form-factors?




Frames for computation of e.m. form factors with LF wave functions
q*=0 Drell-Yan frame : one-body e.m. current operator diagonal Fock-space

q.=0 Lev-Pace-Salme frame: one-body e.m. current operator non-diagonal F.-S.
PRL83 (1999) 5250

Frame Advantages Disadvantages

Drell-Yan Diagonal Fock-space Dominated by valence wf
Angular conditions (a.c.) J>1/2 for I*
Violation a.c. with truncation F-S
No TL processes

Lev-Pace-Salme Trivial angular condition Non-diagonal Fock-space
Space- and time-like ff Truncation beyond the valence
I and I

g*> 0 frame: Sawicki, Brodsky,Ji, Bakker, de Melo, Salme, Pace, TF, Miller, Tiburzi...

Nonvalence vertices > two-body currents!
GPD (two-body syst.):Tiburzi & MillerPRD67(03)054014; 054015

GPD (pion): Ji, Mischenko, Radyuskin PRD73(06)114013;
TF,Pace,Pasquini,Salme PRD80(09)054021.



Naive elimination of the relative LF time in the Mandestam impulse approximation:

Space-like region : !

qQ — (])/ —]))2 — w? — |q|2 = —(22 < 0 q, = 0
_ M ME q°
1+ R — -+ / [ — N J— N == g = —
P P q P P p/+ ( p/—f— _ q+) 4 q+
+ N2 +
+ q - - y M o+ 4

O’ >> M? - triangle diagram is suppressed ! (p"<<p™)
Dominance of the pair diagram & two-body currents !

Sawicki, Brodsky, Hwang, Bakker, Ji, Choi, de Melo,Pace,Salme... 10



IV. Pion SL and TL E.M. form factor

de Melo et al, PLB 581(04) 75, PRD73(06) 074013
¢*>0. q, =0

Time-like region  (Fig. 1)

0< k™ < Pr P < k™ <q"

Space-like region  (Fig. 2)
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Ingredients: /) Pion nonvalence vertex = constant ; ii) pion massless;

iif) Dressed photon vertex ~ width, wf & spin structure;

Vector mesons:
wf: T.F, HC Pauli, SG Zhou, PRD66(02)
Spin struc.: [Jaus PRD 41 (1990) 3394)]

0.0] b L b b b v b L L L
-10 -8 -6 -4 -2 0 2 4 6 8 10
2

q2 (GeV/c)

® — Experimental EM form factor from the collection by R.
Baldini et al. (Eur. Phys. J. C11 (1999) 709, and private comm.)
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V. Nucleon SL and TL E.M. form factor

de Melo et al PLB 671(09) 153

UR 1" (a*) U,

d*k, d*k, _ oo
(27 )4 / (27 )3 217 (k1. ka ks, PR)

k1) ST (k2)TH (k3. )@ (k1, k2, k3, PN)}.

Nucleon BS amplitude:

@7 (k1,k2, k3, PN) = A(ky, k2, k3)U7 (k1, k2, k3, PN)
Nucleon spin-coupling model:  de Araujo et al Phys. Lett. B478 (01)86
U7 =[S(123) + S(312) + S3B21) | xry UR

with gy the nucleon isospin state and

S(ije) = 1[Stki)tyy*Sc (kj)C] @ S(ke).

Sc(k)=CST(k)c!
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Kinematics for time-like nucleon e.m. form factors

=@ +p)? ==

qlL — 0
Tt '+ p” My — My q ’
PUr=at Pt (¢t —=p7) qt
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Space-like region

/

Time-like region
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Ingredients:

S.J. Brodsky, F. Schlumpf, Phys. Lett. B 329 (1994) 111;
S.J. Brodsky, F. Schlumpf, Prog. Part. Nucl. Phys. 34 (1995) 69

Pf (9m?)7/2
(815283)"[;‘32 + M2, (ky, ka, k3)]7/2

/_l';n =287 +£0.02 (u5® =2793) and pu = —1.85 £ 0.02 (P = —1.913)

Wy (kq,ky, PN =

p = 0.645 GeV

=[g1.21%gy 517/%72 ki Py [ Pa 2 2
ANy N3 P/ || kT kT ga.p = (mamp)/[B° + Mg(A, B)]
N 3 4 L3

e B[ PR T
ANV—Z[gij]z[gN.ﬁ] /2_2[ P+2][ T ,+] r=0.17 dipole type decay
y dLk3™ 1 Lkg

Dressed photon vertex:

1 Z
Prs(h g) = & 007 = K7) B(kT)Y" +0(q" +£7) 6(=k7) | =" ]

(and the analogous for the isovector current)
16
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Puckett et al, PRL 104 (10) 242301

Hall C at Jefferson Lab

PRL 104, 242301 (2010)
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FIG. 3 (color). Upper panel: The proton form factor ratio
,u,,(}Z/GQ from this experiment (filled black triangles), with
statistical error bars and systematic error band below the data.
Previous experiments are [1] (Jones, Punjabi, Gayou), [3]
(Andivahis), [4] (Christy), and [5] (Qattan). Theory curves are
[20] (Lomon), [21] (de Melo), [22] (Gross), [23] (Cloét), [24]
(Guidal), and [25] (Belitsky). Lower panel: The same data and
theory curves as the upper panel, expressed as Q*F}/F7.
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VI. Quasi-Potential & LF B.-S. Equation: 2-bosons

OUR AIM:
Derive the dynamics of few-constituents on the LF from a given model for the

Bethe-Salpeter equation.

- 4d Bethe-Salpeter amplitude <- Valence state on the LF
\ (Kinematical momenfa: kt=k? + k3 andk )
Integration on the “Energy:” k"= kU - 3

“lterated Resolvents-dynamics of the valence state”- Brodsky, Pauli, Pinsky,
Phys. Rept. 301(98)299; Frederico et al NPA737(04)260c¢

19



Not complete list of previous works...

LF two-boson/ two-fermion systems: (C-R Ji Perry Miller Karmanov,Carbonell Brinet

Mathiot, Bakker, Amghar Desplanques...)

Quasi Potential Approach to LF: Sales et al PRC61(00)044003; 63(01)064003
Garsevanishvili et al. Phys. Rep. 458 (08) 247

LF conserved current operators: Kvinikhidze & Blankleider PRD68(03)02581

WTI -QP two-bosonAwo-fermion - Marinho et al PRD76(07)096001;PRD77(08)116010

LF Dynamics of three-body systems: Bakker, Kondratyuk, Terentev, NPB158(79)497
Zero-Range model & BS eq. - Frederico PLB282(92)409; Carbonell & Karmanov
PRC67(03)037001 Marinho & Frederico PoS(LC2008)036; Karmanov & Maris PoS LC2003, 037
(2008), FBS 46, 95 (2009).

LFD of 3-constituents: valence state <-> 4d Bethe-Salpeter eq. 3-legs
qqq - Mitra, Ann.Phys. 318(08)845

Non-perturbative renommalization with truncated Fock-space:
Karmanov, Mathiot, Smirnov PRD77(08) 085023...
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VI. Quasi-Potential & LF B.-S. Equation: 2-bosons

Starting with a 4-dimensional BS equation for 2->2 scattering amplitude
(no self energies/vertex corrections):

T'=V +VG,T Vis the sum of two-body irreducible diagrams

T(K) = W(K) +M/(K)C~JO(K)T(K) Woloshyn & Jackson NPB64(1973)269
V(K) + V(K)Ao(K)W(K)  AyK) = Go(K) — Go(K)

=
=
||

LF time projection: integration in k

Go(K) == Go(K)|gy ' (K)|Go(K)

Sales, F., Sauer. PRC61(2000)044003

o (K™ — k7
(ki GO(K))k;> — 217“ - = </12 _ ) C—
R (B — k) (k; - ;) (K —hy - —Jk)
o I~ a3 70— N\ 0K+ — ky)O(k)
Go(F)| s = [[akiaby (k7| GolK) k)= i (K= — gy — o + 0)
Do a
e k™) + m- 1

on k—+—



Valence propagator in global LF time
G(K)| = |Go(K)| + |Go(K)T(K)Go(K)

Valence—> Valence scattering amplitude

Effective
] ) W
interaction

22



Bethe-Salpeter amplitude for scattering/bound states

For scattering states: |'\If+ > — |\If()> + G()(K) V(K]' '\IfJr >

and the corresponding homogeneous equation for the bound state
Valence wave function for bound/scattering states: |¢> — ” W >

Homogeneous equation for the LF valence wave function of a bound state
(projecting the 4-dim BS equation or from the bound-state pole of the 3-dim t-matrix)

|[dp) = go(Kp)w(Kp)|dp)
[ ki (ki 15 =10

23



Example: Bosonic Yukawa model
L1 = gsdl$10 + gsdhso

_|_

_|_

_ ]

bE

24



LF Bound state equation

—), .
. . ’Y(y7 kJ_’ K)
OBy, k| K) = K2 M2
= . 1 koJ_dx . ,C(Q)(y,];/ ;x,EJ_) +K(4)(y7 El ;Q?,E]_J_)

0(z —y)
(z ) (K? - (Mé3>)2 + )

—I—{x<—>y,lgi<—>lzj_]

K (y, kK a,k ) = g3

(M(3>>2 _ K+ m2+/¥3 +m? (K 4 k)% 42
0 Y l—=x Tr—y .



Comparision between LF (3d) and 4d results for bound states

25
20
15 |
©=0.5
4D(solid)
10 LF-3P§dashed)
. LF-4P(dotted)
5
O : . L ]
0.0 0.5 1.0 M 1.5 20
m=1 B
0.2 | |
(b)
Df(q) .-
0.1 '
0.0 — ’;1-/- ,,,,,,,,,,,,,,,,,,,,
_0.20 5 Z.l é )

o  (a) |
f(q) ]
10 7'k
: ©u=0.5 Mp=0
10 2
10 ¢ N
-4 N | . I R 1 .
10 7 P 4 6 8

9

gfexact( VE%J_)::J‘ dkl_dkr<kl‘lpB>
Fap(NKL) = f

k le ’ (/)B>£1;1))

Df(q)=1~ [N/ fexact(q)




= Hierarchy Equations in LF Fock-space

e Interaction m.e.’s:

kololk) = —2(21)36(q + ko — k)—25 (kT
(gkqo|v|k) (27)~6(q + ) q"'k(}'_k_l'( )
(alolkok) = —2(2m)%6(k + ko — q)——2——0(k})

e Hierarchy EQs.:

9@ (K) = 82 (K)+¢52 (1) vg® (K )vg D (K),
‘ﬂ“ = 82 (B)+98P (K)vg™ () 0g®) (1),

9@ (K) = g5 (K957 (K)vg® (K )vg ™) (K),

S () = g§ (1) 49§ (B Yug D (1 yug™) (50).

'o.‘l.'runcation: |1, P, (N —2)0)

Iterated resolvents: Brodsky, Pauli, Pinsky,
Phys. Rep. 301 (98) 299

J. H.O. Sales PhD thesis ITA (unpublished),
Frederico et al NPA737(04)260c

Interaction
Fock-space

Subtraction of
divergences”?

27



Reconstructing 4-d B.S. amplitude from the LF valence wf:

V) = G(K)|g(K)"'[#) g(K) " b)) = 0
(i e 20)

(projecting back to the LF retrieves the valence wf.)

<BS Ampl.| 4d operator |BS Ampl> - <val.|3d operator |val.>

Reverse LF time projection operation: expansion W

G(K)|g(K)™ = [14 Ag(K)W(K)] Go(K)|go(K) ™"

28



VIl. Two-boson systems: E.M. current operator & WTI

(W THQ) [W3)

Q=Ky— K,

JHQ) =Ty (Q)+ T (Q)

Ward-Takahashi in operator form: (Gross & Riska PRC36(1987)1928)_

QuI*(Q) =[G &)+ (1 -2

<ki\§i\pi> — 67;54 (kz — Pi — Q)

G K\ W\ =0 =)

Qu (Vs THQ) i) =0

29



Light-front e.m. current operator: valence states
<‘I’f‘ «7“(@) |‘I’z> — <¢f‘jM(Kf7 Kz) ’¢z>
V) = G(K)|g(K)™"|¢)
(K7, K:) = g(K)~|GE) T (Q)G(K)lg(K) ™|
Gauging method for bound states: Kvinikhidze and Blankleider (PRD68 (2003) 025021)

LF Projection WTI:
QulG(Kp)THQ)GUG)| = [[é1, Gl [ + (1 < 2)

ke ki€ e, D D)= €0 (kf —p; — Q+) 5” (Eu — Pil — éJ.)

LF charge operator 30



> LF e.m. current is conserved

G (K, Ki) = go(Kp)THGo(Ky) [1+ W(Kf)Ao(Ky)] %

THQ) |1+ Ao(FG) W (K)]

n a

(n) Z W;(K

Wi = V(K)[Ao(K)V (K)]"

S

Truncation in W keeps c.c.? No!

QM 1 (K, K)oty =

(W
(W

(n)
f

(n)
f

Gof

K;)|go(K;)™

Q" T, (Q)| W)

[a, G~

Tjwi) 20

31



Conserved & truncated LF e.m. current: WTI
Marinho, F., Sauer, PRD 76, 096001(07)

Q"™ (Ky, K) = |g." evr

n—1 n—11—

1
5 = g Go | TMQ) + D (Wide THQ) + TH(Q )+ 3 S W ATMQ

=1 1=2 j=1

n—1

+W, A0 T8 (Q) + T8 (Q) AW, + > MAOJOH(Q)AOWn—i] Golgy !

1=1

Message:
Keep in the current all LF two-body irreducible terms
consistent with the truncation of the interaction

> Conserved e.m. current!
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Current in the Yukawa model for 2-boson systems

4
L1 = gsol610 + gsdhono “adder g
(k1| T3 (Q)|p1) = —2mes(ky + p)H0 (ks — p1 — Q) (Kp — k1)? — m3)]

§H = O 4 g G W1 A0 TE(Q) + T3 (Q) AW ] Golgy

JMY = g5 M Go T3 (Q)Golgy !

kﬁ 5 . E 4 5 P1 ki e ¢ ol I % i
: : : | : : : :
(] L] (] 1 (] (] 1 (]
(] : (] 1 : : 1 (]

L] L] 1 L] L] 1 L]
Ky + K . Kpe k) K, — k1 . M e A

- 2-body LF reducible terms 33




LF current in 1st order

./ :
a of;fj & ki p1 ki
1

1 1 // //
/C/l : P1 k1 : .7 L7
T [ 1 // //
| |
| -
1 I [&f—/fi K; — ky K, — kK K. — k
I ' I ) o R
! | ! (a) (b)
| | |
| I |
I | I
17./ |
Kf _lkl K — kll k4 P1 k1 K} j k1

| |
1 1 // \\

/ \

/ \
/ \
/ \

]ny — All ( ) [(I‘ — A"l I(f _ All ( l) Ari - /fl
¢ C
E2-body reducible diagrams

K" >0and Q" >0

l

34



Kinematical regions:

(R ELQ - 5NN s @)e) = (RTTELL] e, wD] K

_|_
Ky
K+

Q—I—

g
e
L’ Vic h
A .
N
P e + + N p
P S
Ve Ki =k Ky —Fk
Ko oo o e e e e e e e e e
nonyalence s
+ -
kA K

Current conservation is OK! 35



VIlIl. Two-Fermion systems: Yukawa model

Starting with a 4-dimensional BS equation for 2->2 scattering amplitude
( no self energies/vertex corr.):

T =V +VGyT Vis the sum of two-body irreducible diagrams
T(K) = W(K)+W(K)GoK)T(K)
W(K) = V(K) + V(E)A(K)W(K)  Do(K) = Go(K) — Go(K)

Separation of the instantaneous term in the fermion propagator.

- ki +2mj_ _ = kjé on ETZ + W—+ (Sales et al PRC63(2001)064003)
m; + 1€ my 1€

G0:(£10n+ml)(,€20n+m2)GO
F_ ~ F —
Gy=Go+Al, o i i |Go(K)|:= go(K)
’ lgf—mf—l—ia /€§—m§+i0

G~0 = @0‘90—1’@() 36




—1 o
Mass? eigenvalue eq. & valence wf: [90 — UJ} ‘¢/\> =0

Yukawa model: ﬁIZgS\I’\IfO'

s 1 / =+
:2 ’ 77 4 / / .
’ 4 /’ ’ 7 ) /
p— / 4 / 7 /
w . v s , /
/7
’ /v 27 /
7

@ ) (c) (d)

Covariant Box-diagram decomposed in LF time-ordered diagrams

B. L. G. Bakker, J. K. Boomsma, C.-R. Ji, Phys. Rev. D 75, 065010 (2007)
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Fermions: conserved & truncated LF e.m. current & WTI
Marinho, F., Pace,Salme,Sauer, PRD77,116010(2008)

G* = g5t |Gol[l + WA JH[1 4+ AgW]Golgy

(Sales et al PRC63(2001)064003)

Ay = Gy — G Gy := Golgo '|Go

WTI for the conserved current:

Q. j" (K K;) =g " (Kp)Qir — Qirg '(K;)  Expansion..

mp

[elé (K =k = Q) % (Fhu = e = Q1) A (k) 7791 A (Rron) A (o) ] -
1




LF current in 1st order

1M

ki

K¢ — K K —k

nonvalence

3 1 m

K-k, Ki — ki

Curre

ey ;

_ V4
k!t 7 valehce
1 7 ‘
7’

O+ e e e -
nonvalence
+ +

k K,

K >0and Q* >0

nt conservation holds!

QMK K;) = g_l(Kf)QfF - Qe (k)
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Comments:

» Cooke and Miller PRC 66, 034002 (02): deuteron mass eigenvalues tends
to get the correct spin projection degeneracy including up to streched boxes
BUT the angular condition in the DY frame is badly violated WITHOUT
including the consistent terms in the current...

» Huang and Polyzou PRC80, 025503 (09): includes a two-body current
within a relativistic LF QM approach...

40



IX. Three-boson systems and ladder 4d BS equation
Marinho, PhD thesis ITA/2007

3
T=V+VGT  V=>)Vi ;i Vi=VouS
1=1

\N/
— — |
V(Z)jk_I = ot At

—i S(ki — k) O(hy —K5)

(ki kg [Golky™ ky7) =

() kit (K = k= k) (ky — ki) (g — ko, ) (K= — ky — ky — (K — ky — ka),)

on

Integration over k- for 1 and 2 - free 3-boson resolvent

0K+ — k7 — kED)O(k)O(k3)
Kk (Kt — byt — ) (K~ = kg, — ko, — (K — ky — ko))

on

A = (k:_*—:]g_l_) “

90(E1¢E2> -



Faddeev decomposition:

N(K) = Go(K) — Go(K
W(K)=V(K)+V(K)Ao(K)W(K) { o(£) () = Gol(K)

Go(K) = Go(K) gy ()] Gol(K)
3 3

V=2 Vi > W, =Vi+ VAW W= W
1=1 1=1

(1 = V:Ag)W, =V, + ViAW, + Wp)

VV(Q)i = Vi+ %A()I”V(Q)i

I/’Vi — I/V(Q)qj -+ VV(Q)?I A0 ( LV} + LVA)

42



3
s w = E Wy
i=1

li = w; + w;gol

o
Wi = Yo

|GoWiGo| g5

In practice W, is obtained from a power expansion in V-

Vido(Vi +Vj + Vi)

+ Vido(Vi+ Vi + Vi) Ao(Vi + Vi + Vi) + ...

|

NLO

43




Bosonic Yukawa model: LO

. LO —1 —1
W =g |GoViGol gq

7

. U . 0

Cluster separability satisfied!
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Bosonic Yukawa model: NLO
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three-body reducible diagrams

three-body irreducible diagrams = three-body interaction
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Perturbative contribution of the 3-body interaction to the 3-boson mass

Karmanov & Maris PoS LC2008, 037 (2008), Few Body Syst.46, 95 (2009).

bound state mass M~

o0

6

— covariant ladder 3-body BS Eqn
%X 3-body ladder truncation in LFD

+--# LF ladder kernel + 3-body force correction

| L L . 1 |
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1 2
dimensionless coupling constant o

bound state mass M~
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— ladder BS Eqn

x--X ladder LFD
+--¢ LFD + 3-body cor. E
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X. Conclusions

“‘LF Few-body dynamics”: Valence w.f. dynamics
Quasi-potential Approach to LF - LF dynamics

4-d Bethe-Salpeter amplitude <> valence w.-f.

4-d operators <> 3-d operators acting valence w.f.
Conserved current operator & WTI:

Conserved LF e.m. current operator expanded systematically and
consistent with the mass squared operator;

Valence and nonvalence contributions to the current required by current
conservation;

Current conservation in LF is a weaker requirement than covariance
(covariance under non-kinematical boosts).

Role of different frames in revealing the Fock-structure (two-body currents)

Perspectives:

GPD’s, conserved current operator for 3-body systems
3->3 scattering amplitude B> pipi*k

Applications to deuteron, trinucleon, n-d scattering...
Excitons, trions ... in graphene!

47



