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o Bethe-Salpeter equation in the Euclidean space for pseudoscalar mesons
@ Schwinger-Dyson equation for quark propagators
@ Matrix formulation of the Bethe-Salpeter equation

@ Electromagnetic form factor of pseudoscalar mesons

EMFF of pions with an Ansatz vertex

Homogeneous BSE for vector mesons

Inhomogeneous BSE for the quark-photon vertex

EMFFs for pion and kaon with quark-photon vertex solved from the
inhomogeneous BSE
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Bethe-Salpeter equation (BSE)

In terms of Green's functions, two-body bound state structure is given by the
Bethe-Salpeter amplitude (BSA) I'(k, P), determined from the Bethe—Salpeter
equation (BSE).
K K=k+q Quark momenta: ky = k+n4P.

7 K BSA: T(k, P) = ys[E(K, k - P)+

PF(k? k- P)+ kG(Kk? k- P) +
o LK PIH(K? k- P)/2].

Inputs:

@ quark propagators Sg(k),

KN k, @ G(g?) representing interaction.

K=k+q
In rainbow ladder truncation and Landau gauge, the BSE for pseudoscalar mesons

M(k,P) = —iCrg’ / A Sp(K, )T (k. P)Se (K. )7 (g — auan/a®) G(a). (1)

Spacetime metric g"¥ = diag{1,—1,—1,--- —1}. Momentum p* is timelike when
p? > 0. Euclidean-space momentum p* = —ip? such that p2 = —p?.
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Schwinger-Dyson equation for quark propagators
Schwinger-Dyson equation (SDE) for quark propagators
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O
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% ] P %_’_Q P 0.6 B?) Gev
First solve for quark propagators with
spacelike momenta from § 051
Schwinger—Dyson equation (SDE). In the é 0.4 1
rainbow-ladder truncation: ;Q 0.3
¢ (ki) = 22 (ks — me) + iGrg” [ dg <
x Sp(ks + )7 (8w — 9490/ 0°) G(7°). 00

o . 107 107 1070 100 10 10°
@ Renormalization is required for d = 4. ? Gev?

o For real and spacelike k3, the SDE can be solved iteratively for
Set(p) = pA( %) + B(p?) after the Wick rotation.
872 m 1 — e ki/(4m?)
In[e? —1+(1+k2//\QCD)2] k2 ’
with vy, = 12/(33 — 2N) [P. Maris and P. C. Tandy, Phys.Rev.C 60,055214]. - . .
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Schwinger-Dyson equation for quark propagators
Quark propagator with complex-valued momentum

Sr(p) with p? € C is sampled by the BSE.

Boundaries in the
complex-momentum plan of
quark propagators. Regions
within these parabolas are
sampled by the BSE for the pion
with spatial momentum:
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black solid line 0.0GeV,
green dash-dot line 0.5GeV,
yellow dashed line  0.707 GeV,
red dotted line 0.866 GeV.
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@ Integrals in the
quark self-energy is
numerically difficult
to compute for
complex-valued p?.

o Fixed-grid algorithm
developed for their
accurate and
efficient computation

a

2SJ and lan Cloét,
arXiv:2401.11019 [nucl-th]

alpeter equation in the Euclidean space

sinitialization.” l

Solve the SDE on the spacelike real axis

Angular integral for a given « € C

rﬁ Rz} 2 Tuwetona LJ,
Gauss-Chebyshev quadrature
for original variable

without subtraction

Base integral using trapezoidal
rule for original variable

Gauss-Chebyshev quadrature
for mapped variable after
subtracting the linear Interpolation

[ Sum the contributions

Radial integral for a given 2.7

yes R{VZ} > Finreshold and \no

'[ 2R{VE}w > huetoid 1

‘ Subtract the asymptotics

Gauss-Hermite quadrature
for the IR contribution

Subtract the asymptotics

Gauss-Chebyshev quadrature
for the UV contribution

—

Sum UV and IR contributions

Gauss-Chebyshev
quadrature with
ful interation

| E—
[

Schwinger-Dyson equation for quark propagators
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Matrix formulation of the BSE

After the Wick rotation, the BSE in moving frame of the bound state becomes
2 g2 Cr > 3 i 1./ ” ! / 2 / 2
Gr(kg,y,2z) = — 7 dlg Ig dz’v1-z dy d¢' G ((fe — ke)°)
(2m)* Jo -1 -1 0
X-Il\-E(k]%7y7 Zz, /]%myl; Z/a ¢/) ME(/}%)/ Z/) ME(/}%)/ Z/) GE(/]§]7y/7 Z/)a (2)
with GE(k]%,y, ) = (EE(k]%,y, Z), FE( .- ), GE( .. )7 HE( .. ))T 1

° ] do Ge((lg — kg)? )'T'E(ké,y,z, 2,y",7',¢') is a complex-valued
symmetric matrix with respect to (k2,y,z) < ([2,y,2').

° Mi(/éy’, 7") correspond to multiplications of quark propagators with BSA.

e Discretized grid for momentum variables (k3,y, z) converts the BSE into a
matrix eigenvalue problem (non-Hermitian).

@ Arnoldi iteration to solve the eigenvalue problem at a given bound state mass.
@ Ground state has the largest eigenvalue.

1 a HYS
SJ and lan Cloet, arXiv:2402.00285 [hep_ph] November 06, 2024 LFQCD Seminar Institute of Mo
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Matrix formulation of the Bethe-Salpeter equation
Angular resolution for the relative momentum of BSA
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Bethe-Salpeter equation in the Euclidean space Matrix formulation of the Bethe-Salpeter equation

Model parameters for pions

w dir Aqcp N¢ m;
0.4 GeV 0.859 (GeV)? 0.234GeV 4 0.5 GeV

Table: Parameters in the Maris—=Tandy model. The IR term is specified by scale w and
strength dir. Remaining parameters determine the UV term.

m 12 5 Zn
3.6964 MeV 361.0 GeV? 0.98201 0.67048

Table: Parameters for the SDE of light-quark propagators. The renormalized quark mass
my is defined at the renormalization scale ;. Renormalization constants are given by Z»
and Z,.

Strange quark mass and static observables

M, fr mg Mk fx
137.24 MeV  92.22 MeV | 84.8574 MeV  495.768 MeV  109.474 MeV

= = = ~——ryo
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Bethe-Salpeter equation in the Euclidean space Matrix formulation of the Bethe-Salpeter equation

Solution in the pion rest frame

Re B(k2, z)
=N w
Re F(k2, 2)
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Matrix formulation of the Bethe-Salpeter equation

Bethe-Salpeter equation in the Euclidean space

Solution in the kaon rest frame

Re Fe(k*,y,2) Re Ge(k*,y, 2) Re He(k*,y, z)

Re Ex(k,y,2)
60+ 1070 20
1 10+ 100" 16
ol + 10-01
) 20+ 10 10
00+ 1090 .
3 05
~40+10°"
0.0

gz, 2 egz, 2
l"/"("'l-' 1 10 I""(;,.I_, 1 1.0
Im Eg (k.. 2) I Gy (k. 2) I Hy (K, y, =)
510+ 1001 0+ 100 200+ 10-01
=30+ 107 104100 $0+100
10

Figure: Scalar functions of the BSA for kaons in the rest frame.
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Electromagnetic form factor of pseudoscalar mesons EMFF of pions with an Ansatz vertex

Electromagnetic form factor (EMFF) for pseudoscalar
mesons

ki,
K
R4 :"{inirh
Ky =k £na . A

N,
AN \
k/ \ere om0 O---
The EMFF in the - . P-q/2 J Pra/2
ir.npullse .approxima- P a2 N /k )
tion is given by / - -9
k

PNF+(q2) = _ieqTrCD/ dlr(ﬁ/’ —|_|/) SF(ﬁ;)riEM("@rv ’{IJr)SF(’@r)r(’iv H)SF(H*)’
/

P*F_(q?) = —ieaTrCD/ dI Sp (k)T (K', =) Sp (k4 )T (5, M) S (k- )T g (K2, K- ),

with e4 and eg being the charges of the valence quark and antiquark in units of

the elementary charge [P. Maris and P. C. Tandy, Phys. Rev. C 61, 045202
:2000:, Phys. Rev. C 62, 055204 (2000)].
Shaoyang Jia (ANL)
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EMFF for the pion with an Ansatz vertex

The quark-photon vertex is given by the Ball-Chiu vertex plus a transverse Ansatz:

A(K?) + A(p? A(K2) — A(p?) t1F  B(K?) — B(p?
rt (kop) = AELTAZ) o AL AP OF BUCL =B ) k. ),

” N f, Q2 ol — Q2
Mg —Q/2,9+Q/2) = (" - Q"@/Q?) 1+qi/w4 mp(’:/% —@) ¢ (m, =@,

N, w f m, «
6.0405 0.66 GeV 201 MeV 0.875 GeV 0.1 (GreV)*2

Table: Parameters for the transverse Ansatz of the quark-photon vertex. The
normalization N, is determined from the decay constant of the p meson f,.
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Electromagnetic form factor of pseudoscalar mesons EMFF of pions with an Ansatz vertex

EMFF for the pion with an Ansatz vertex
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0.4 1.81
B =]
£ 0.31 < 1.6
© S
S — - Monopole 0.672 fm © 4]
=029 —— Boost frame £
< Rest frame =
¥ Amendolia:1984nz 1.21
0.1 4 Amendolia:1986wj
¥ Tadevosyan:2007yd
¥ Huber:2008id ]
‘)() e T T T T T 10
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0
Q? GeV? Q?GeV?

EMFF from the rest-frame pion BSA is significantly less than that with full
kinematics for large Q2.
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Additional results for the pion

@ Animation for the ground-state pion BSA in the moving frame.
o EMFF for excited states of pion.

N —— ground state 101 —4— 1(0.13724)
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Electromagnetic form factor of pseudoscalar mesons Homogeneous BSE for vector mesons

Homogeneous BSE for vector mesons

K ki=k+q k-

KN\

k'=k +q

The BSE for the Bethe—Salpeter amplitude (BSA) of vector mesons is given by
ru(ta Q) - *iCF / dﬂ’y)\sg(k-/i-)ru(t/a Q)SF_(kI—)’YV D)\V(q)a (3)

with Q" being the momentum of the bound state flowing into the amplitude. We
have defined ky =t + 11 Q, kL = t' £ 7+ Q, and redefined g =t/ — t.

November 06, 2024 LFQCD Seminar Institute of Mo

Shaoyang Jia (ANL) BSE 16 /28



Electromagnetic form factor of pseudoscalar mesons Homogeneous BSE for vector mesons

Trace-orthogonal transverse vectors

After defining o#(q) = (v — 47"")/2, o(t,q) = (fd — 4£)/2, and A(t, q) =
t2 — (t- q)?/q?, the following set of vectors transverse with respect to g*

Ti(t,q) = (t* —q"t-q/q°) 1, (4a)
TS (t,q) = T1(t, @) T{'(t, q)/A(t, q) — T4 (k, p)/3, (4b)
Ti(t,q) =" — 4"4/d, (4c)
Ti(t,q) = —o(t,q) T{(t,q)/[2A(t, 9)] + T&(t, q)/6, (4d)
T¢(t,q) = "(q), (4e)
Tg'(t,q) = ¢ T{(t, q), (4f)
T(t,q) = [T{'(t.q) — T3'(t, @) T1(t, 9))/2, (4g)
Tg'(t,q) = —T7(t, q)g- (4h)
is trace orthogonal:
Tr T/ (t, ) T,(t, q) = diag{4A(t,q), 8/3, 12, —2¢°/3,
—12¢%, 4¢°A(t, q), —2A(t,q), —2q°A(t,q)} ;. (5)
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L Electomacnetic form factorof pseudoscalar mesons Qe
Contribution from quark propagators

Applying Dirac bases in Eq. (4) to decompose the BSA into scalar components:
8
M(t,Q) =Y Fi(tt- Q) TI(t, Q). (6)
j=1

The Bethe—Salpeter wave function (BSWF) defined as
WH(t, Q) = S (k)M (t, Q)Sp (k-) ()

has the following similar decomposition

8

V(L Q) = Gt t- Q) TH(t, Q). (8)

j=1
Scalar functions of the BSWF is related to those of the BSA by

8
Gi(tzat'Q):ZMU(t27t'Q777+777—)Fj(t23t'0)7 (9)
j=1

with M;(t%,t - Q,7m+,7_) being a matrix in the component space.
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Contribution from quark propagators

Due to the multiplications of two quark propagators, this matrix can be factorized
as follows:

M(t27 t- Qv”—}—vﬁ—) = M+(t2a t- Qan+) Mi(t2a t- QJZ—) (10)
e Trp Ta(t, Q)SE (k) TV (1, Q)
- _ 1o Tt Q)5p (k) T/(E,
Mij (t°t-Quny) = Trp Tiu(ta Q)Tiu(t, Q)
and

Trp Ti(t, Q) T/ (t, Q)Sk (k-)

My (£t Q) = Trp Tiu(t, Q) TH(t, Q)
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Electromagnetic form factor of pseudoscalar mesons Homogeneous BSE for vector mesons

Contribution from quark-gluon interactions

Meanwhile the gluon propagator in the Landau gauge is given by

Dr.(q) = (g — 9rav/9?) G(d°), (11)

with G(g?) being the Schwinger function. Let us then introduce the scalar
composition of the following factors in the BSE:

8
VU, QY (8w — aran/a%) = Y Hi(£2,t- Q. t% ¢ Q) TH(t, Q).  (12)
Jj=1

The scalar function H;(t?,t- Q,t"2,t' - Q) after applying trace-orthogonal vectors
is Hi(t2,t- Q, 12t - Q) = Y0 Tu(t2,t- Q, t2,t' - Q) Gi(t2, t - Q), with
T3t Q,t% ¢t - Q) =E;(3t- Q t% ¢ - Q)/[Trp Tin(t, Q) T/ (¢, Q)].
Ei(,t-Q, %t Q) =Trp Tju(t, @)V TX (', Q7 (8ro — arGp/q°).  (13)
is symmetric with respect to (j, t2, t- Q) « (k, t”, t' - Q).
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Electromagnetic form factor of pseudoscalar mesons Homogeneous BSE for vector mesons

BSA for p meson in the rest frame

Bethe-Salpeter amplitudes F;(k?, 2) Fa(k?,2) F3(k?,2) Fa(k?,2)

Fs(k?,2) Fe(k?,2) Fi(k?,2)

@ With same model parameters for the pion, the rho meson mass is 730 MeV.
@ Applying the experimental mass of 775 MeV moves the eigenvalue to 1.09.
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Electromagnetic form factor of pseudoscalar mesons Inhomogeneous BSE for the quark-photon vertex

Inhomogeneous BSE for quark-photon vertex

ki=k+q k-

+ K =k+q +

5

Figure: Inhomogeneous BSE for the quark-vector-boson vertex.

The quark-photon vertex satisfies its inhomogeneous BSE as illustrated

My (k= ky) :Z2'7”_iCF/dﬂ’YASF(kjr)r{L/(kLakjr)SF(k/—)'YVID)\u(q)a (14)

with ky = t+n1Q and ki, = ki +q.
@ The Ball-Chiu vertex gives the solution for the longitudinal part of the
quark-photon vertex.
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Electromagnetic form factor of pseudoscalar mesons Inhomogeneous BSE for the quark-photon vertex

Transverse inhomogeneous term

We therefore convert the inhomogeneous BSE into the corresponding equation for
the transverse vertex. Substituting the Ball-Chiu vertex into the equation gives

Mor(t Q) = GR(t, Q)—iCF/dmASF(k;)F{iT(t, Q)Sr(kL )7 Dav(g), (15a)

where we have defined the transverse inhomogeneous term as

Gr(t,Q) = 227”—r§c(k—7k+)—iCF/dQW’\SF(kﬁr)rléc(k/_»kﬁr)SF(k/—)VV Dyu(q).

(15b)
We could show that Q, G{f(t, Q@) = 0. This term can be decomposed into scalar
components as
8

GR(t, Q) =D Ri(f,t-Q,Q)T/(t, Q). (16)
j=1
Similarly for the transverse part of the quark-photon vertex:

Mo(t Q) = ZU (.t Q, Q) T/ (¢, Q). (17)
Jj=1
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Electromagnetic form factor of pseudoscalar mesons Inhomogeneous BSE for the quark-photon vertex

The scalar functions for the transverse inhomogeneous term are explicitly given by

Rt 6 Q. Q%) = Ri(t*t- Q. Q%) - TrDTm(tQT“fQZ > [

j=0 k=1,2,3,6
X Ej(?t- Q, %t Q) G(q*) M (£, - @, n-)n(t?, ¢ - Q, @), (18a)
with

Ri(£,t-Q,@) = —ri(£*,t- Q, @7 (18b)
for i € {1,2,6},
Ry(£*,t-Q, Q%) =2 —ns(t*,t-Q,Q%, (18¢)
and Ri(t%,t- Q,Q?) =0 for i € {4,5,7,8}.
n(t?,t-Q, Q%) = [B(k2) — B(K})/ (K2 — K3),

2 2
n(t.t-Q, Qz)—A(zk( ) Ak(f)) (t, Q),
+

> 2 2y AKZ) — A(K)
n(tt-Q,Q%) = A(kZ) + A(k3) + W
(1%t Q,Q%) = [ (k2) = A(K2)1/(2Q).
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Inhomogeneous BSE for the quark-photon vertex
Inhomogeneous BSE for the quark-photon vertex

In order to solve for the quark-photon vertex while computing the EMFF, we take
the following 2 steps.

@ lIterative solver for spacelike relative momentum.
@ Single-step computation with complex-valued relative momentum.
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Electromagnetic form factor of pseudoscalar mesons [IIIEEREER =S

EMFF for the pion with quark-photon vertex from
inhomogeneous BSE

1.0 monopole w/ exp radius 0.672 fm =~ monopole w/ exp radius 0.672 fm
uark-photon vertex from BSE 0.6 ] —® quark-photon vertex from BSE oAb b ey
q P ; . monopole w/ fitted radius 0.801 fm_#—+=*"
monopole w/ fitted radius 0.801 fm ='" (1.0 GeV2 cutoff) -
08 o Geyz cutoff) 0.5 | —+- Ball-Chiu vertex x‘r"
’ Ball-Chiu vertex 1 4 Amendolia:1984nz
- ‘Amendolia:1984nz . + Amendolia:1986w#"
£ Amendolia:1986wj £ 0e Taamsyan:uyfya
€06 Tadevosyan:2007yd & W Huber:2008is" '
13 Huber:2008id £
2 o3 /
2 z ~
504 s
a & 02
0.2 0.1
0.0
0.0 . ¥ ¥ X X 00 05 1.0 15 2.0 25 30

Q2 GeV?

Figure: EM form factor of the pion applying the quark-photon vertex solved from the
inhomogeneous BSE. The error band corresponds to the uncertainty in the normalization.
The blue solid line and the green dot-dash line correspond to the monopole form an
experimental charge radius of 0.672 fm and a fitted radius of 0.801 fm.
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EMFFs for the pion and the kaon

10 i .-
- pion total 0.35 P g »w
#— kaon total *
1 ~#- kaon valence quark 030 ~*
—#-- kaon valence antiquark
08 v iqu S aaa s
\ A
LY 025 R P S
5 s L=
£ 2 o
806 3020
§ 3
£ Tois
F o4 >
0.10
ﬂ +- pion total
02 oos{ |/ kaon total
Lo S / ~#- kaon valence quark
Bl S 000 & —#- kaon valence antiquark
0.0 05 10 15 2.0 25 3.0 0.0 05 10 15 2.0 25 3.0
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