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Motivation and useful application: v*v* — Q

The first observation of quarkonium was announced
independently in November 1974 by two groups:

» the Brookhaven National Laboratory's (BNL) P Can one explain meson transverse distribution
led by Samuel Chao Chung Ting, in the in proton-proton collisions?
reaction:
p+ Be — et e  x

at 30-GeV in 1974. They observed a clear
sharp peak at mass 3.1 GeV. (J — ete™).
Phys.Rev.Lett. 33,1404 (1974)

> Stanford Linear Accelerator Center (SLAC)

led by Burton Richter e"e™ — ¢(3105)
Phys.Rev.Lett. 33,1406 (1974)

» Since one can relate the transition form factor
to radiative decay width, can we learn about
the internal structure of mesons (exotic

! P Can one consider electron-ion reactions as
mesons) or the meson formation process?

supplementary information of photon-photon
» Can one combine the perturbative and fusion?
nonperturbative nature of quarkonium?

ne(y, L)



https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.33.1404 
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.33.1404 
https://doi.org/10.1103/PhysRevLett.33.1406

Spectrum of charmonium system and beyond
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Wave Function in the rest frame of gg

the Schrédinger equation with central potential V(r) in the rest frame of the qg bound
state:

-2
p
(5, + V() IE.nim) = EIE,nim) . iim(7) = Rt () Yim(0,)
after angular and radial decomposition, we are interested in the solution of
J. Cepila et al., Eur. Phys. J. C 79.6 (2019)

82un,(r)

or?

- (mc V(r) + l(l%l) - mE) up(r)

i i T3
the Fourier Bessel transformation — the wave

function in the momentum space:

n(1S)
2 feo « Buchmuller-T
i . - uchmuller- e
upi(p) = iy [ — / dr pr ji(pr) up(r) S y
™ Jo q_., —— Cornell
Models of heavy q§ interacting potential: 9 —— logarithmic
» Harmonic oscillator, @ A\ oscillator
S .
» Cornell potential, ¢ 0 \ — - power-like
S 04 \
»  Logarithmic potential, S5 0.3
P Effective power law, %21
>

Buchmiiller-Tye % L

3,1 ™



https://link.springer.com/article/10.1140/epjc/s10052-019-7016-9

Light-Front Wave Functions from rest-frame: J =0

. ~, 11 .
UnR(B A A2) = D Vim (B)( 5, AdalS, me) (L, S, mims|JJz) o(|5])
22 ——v
my, ms
. . radial
spin—orbit
1 ot A, p7e Uni(p) 1
= — Oioy £LF ;
\/EEQ 240 P Vam
——
spin—orbit radial
. I S=0,L=0.
- - e 1 O = 3.5 ’
p=(pL,p:) = (kl’§(22_1)MQ())' {"Pf’ S=1,L=1

Spherical harmonic for S-wave (I =0):

1 Clebsch-Gordan coefficients
Yoo:w; (L=1,5=1;m;, mg|J=0,J, =0),

Spherical harmonic for P-wave (I =1):

; (1,1,+1, ~100)
Yio = {/— cos(6),
4
3 (1,1; —1, +1]00)
Yii = —/— sin(G)e'¢ s
8T
3 (1,1;0,0]00)
[ — sin(6 el
8T ©)




Light-Front Wave Functions from rest-frame:J = 0 - Melosh-transf.

Melosh-transformation of spin-orbit part: £ = R(z, EL)XQ; 55 = R*(1-z, —EL)X*@7

mq +zM —id - (A x ki)

R(z, k) = =
(mq + zM)2 + k2
O = RY(z, I_{L)(’) ic2R*(1 — z, —I:L)(iaz)71 from Pauli matrices properties: ig25*(io2)™* = —&
O =R (z,KL)OR( — z,—k.).
Pseudoscalar (S-wave) Scalar (P-wave)
Vi (z, EL) Vi _(z, EL) (:}JH(Z’ II%) u"}’+—(2, E}))
Vo (z,kL) V__(z,k.) —+(z, k1) ﬂ——(z, L)

K ; - k1) (ke — ik mo(1 — 2z)
 s(z,KL) =k + ik me :&< « — ik Q >
= (R VAT—2) \ma(l=22) ko ik,

¥s(z, EJ_) = uno(p) - M un1(p)

i
V/ vp(z, k1) =
2Mop NN T

Normalisation

d2kL S 1 dz d2k,
1= Vis(z k)P = 2Mm, K
[ WaseROP = 7 [ ez B

z(l — z) 1673 5




Light-Front Wave Functions from rest-frame: J =1

Axial meson, J =1 — three possible polarizations states A4 : +1,0

R 11
YaR(By A1, A2, 08) = D Yaim (B)(S S, Ardall, me) (1,1, myms|1Xa) ¢(|5])
e 22 N/
’ . . radial
spin—orbit

1 [3 gifa BXEQA)Y. g u(p)
= Ve ()i Ty

Meson polarizations:
- - - . - 1 .
E(+) = (EL(£),0), E©) =/, E. ()= 7$(AAex+ley>.

The LFWF then is obtained as follows

A r A . X e
WO (2, K1) = xg 04, o x§ w(z, K1) \[2(M2  — 4m2),

where we pull out a square-root factor to simplify formulas further on. The spin-
orbital part is encoded in the 2 x 2-matrix,

= \/gRT(z, ko)(@ ’”%W)R(l —z,—ky).

2p




Axial Meson wave function, Ag = +1

The "radial" part:

iy~ VMoo ulp)
ba(z, J_) 02 P2
_ 2
Invariant Mass of QQ system Mg5 = %

Transverse component of the wave function (A = +1)

G, =y balz, K1) 3
Vi (z, kL) = NEE)
( mq(1 — 22)V2i[&1 (=), EL (Aa)] —(1 = 22)(EL(Aa)k1) + i[EL (Ma), l?ﬂ)
(1 —2z)(EL(Ma)kL) +i[EL(Na), ko] mq(1 — 22)V/2i[EL (+), EL(Ma)] ’

Here we can point out several combinations, which could appear in the amplitude
dlA(Z kL)
/2(1 -z
() 7 () 7 3 Ya(z, kL)
v 2K ) 4w gy = /2B )
+— ( J—) + ( J—) > m

V2(eL (—)d, DI (2, k) + V2(eL (1), )M (2, k1) =

WO k) - v O (2, K ) =

+ —+ ( z = 1)(EI(AA)EL)7

(=2)[ET (Ma), k1],

- 3 ’([)A(Z kL)

W

2mg(2z — 1)i[§, 1, ET (Aa)].-




Light-Front Wave Functions from rest-frame: J =1

Longitudinal component of the wave function (Asg = 0)

VO - va(z, kL) [3 1 (i2mev2[&. (-),Ki] -2k )
ANE L /20— 2) V 2 Mgg 2k3 i2mov/2[€1 (+), k1]

SO, Ty e, F k) 1
Wi“(z,m—w_(i’”(z,m: \’”/"((li_“M—w< ai2),

(Z kJ_)+\U (Z kJ_)—O

wA(Z kJ_) 2mo

2 \/z(1 - z) Mgq

ﬁ(gL(*)ﬁu)‘V*( (2. kL) + V2EL (DG v M (2, kL) = (=20)[Gr, k1]




Helicity amplitude v*v* — g

47'|'Oéem(‘32 Trlcolor dzd2E X
P _ Q L Wt AN
T My NI 2(1— 2)1673 %: AR o

myng A3 (v (@) (a2) = Qa(2,510) @x(1 - 2,5.))

_ i Pat+tmq . _ P+ mq .
= x(pq) "+Tmz i~ vs(pg) + Ox(pQ)h Py At g (P3)s
Pa Q B Q

We work in light front frame, thus p* = (pt,p~,pL), and p* = (p° + p3)/V2,
p~=(p°-p*)/V2
puy =p, AT =nlyt=xT, A =n 4t =1~

Brodsky-Lepage spinors for particle: &ix(pg), and antiparticle: vs(pg)




Helicity amplitude v*v* — g

Let us have a look at its light-cone decomposition
PA+ PaL

- L
n, + pa, -
2ppy ”

- 1
PAu = PAs ) + Pa—ny, + Pa, = parn; +

add and subtract mé/(2pA+) in the minus-component

2 =2 2 2 2 2
mo+tPa _ Pa—mg _ Py—mg _
pap = parny + ——AEns 4 pr + A —Qns = pgs A9
2pay 2pat NG 2pat
on—shell (P3%)2=m},

in case of on-shell momentum, we can write

R+ mo = us(pR) s (PR,
o

so that the quark propagator becomes

2 2 2

Pat+tmq Yo e (PR) 05 (P3%) n 1 A
pa — m3 Pz — m 2pay

Now, in diagram A, the quark propagator is between the matrices A~ and A™:

ﬁ_Mﬁ‘F — A Ev:J‘ UU(pZS)L_lO'(prS)ﬁ++ 1 A At

pa — m% pa — m% 2pp; ——




Helicity amplitude v*v* — g
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v*v* = nc(1S) Transition Form Factor

F(Q2,Q2)(GeV)

The definition of the transition form factor

Y*y* = Q, where Q is pseudoscalar
meson

Muv(v*(q1)7" (q2) — Q)

_i47raem5uuaﬁ q% qf F(Q]%7 Q%)

0
10

" 5 G

Qe(Geve) 40 5550 &

Y My (v (q1)7" (92) = ne)

= —ibraem(qia) — ¢} a3)F(QF, Q3)
s o dzd?k ps(z, k1)
F(Q17 Qz) = ez Nedmc- z(l — 2)1671'3

(l1-2)

(ki —(1—2)§21)2 + &2

z

(ki + 2821 )? + €2 }’
Q =G, =2(1-2)q1. %+ m?




Normalized transition form factor: y*y — 1.

S T T
S oot e Cornell E
L EW logarithmic E
8‘0.8} * Buchmuller-Tye ] ) .
cb" E - BLFQ E I[\ the Melosb spin-rotation formulation
IOJ; - ﬁg\an?;rl:ikceosc. E 1y (2, k1), 144(z, k1), are related to the
06 E same radial wave function 1(z, k, ) as:
05F E
i | k) > ——— (2 k1)
0.4F E 1 — 1
i ] e N
0.3F 5
oat ok [k, .
2 ] Pr(z, k) = Y(z, ki),
0.1 J. P. Lees et al. [BaBar], i Z(]. )
‘Phys. FievT D81,052q10 (2010) | %
% 10 20 30 40 50
Q° (GeV)
dzd?k | 1 .
F(Q?,0) = Ne 4 — Pr(z, k1)
Vz(1—2)1673 | ky 2 +¢2

k2
[kL2+62]2

+ qi@’n(z kJ_)-i- ¢¢¢(Z kJ.))}




Frr and Fi; v*4* — xco Transition Form Factors

M (v (a1)7"(g2) = xqo(P)) =
4mciem (= 01, (q1, 42) Frr(af, a3) + efi(q1)el(a2) Fri(a?, a3))

here the projector on transverse polarization states is:
_6J_ _ l . 2 2
w (91, 92) = —guw + X (91 - 92)(q1u920 + G10G24) — 91920 G20 — 95914910 ),

and X = (q1 - q2)% — qfqg. The longitudinal polarization states of virtual photons
read:

2 2
—q q1-q2 —9 q1-q2
ell;f(ql) = X:l (qZH - q]2- qlu) ) el&(qZ) = X2 (qlu q2 q2u) .

dZdeL —U AAN - = _ _
/ 21— 2)1673 Z WAL =G l|Ga 1 [Fu + (i - G2 ) P2




Frr and Fi; v*4* — xco Transition Form Factors

These form factors F1 and F» have the integral form written as

4m dzd?k | -
Fi@i2 612 = |Gl Q / K
1(G117,G2.7) 1G1ollgal %2 ) =0 _2)167r31/1(2 1)
1 1
x 2z(1-2) 2z - )| - ———],
Ia% +¢€ Ig? +¢

dzd?k |
z(1 — z)1673

N N - 1—z z
F2(d11%, 6212 = 4mo/ lb(zykl)[ + ]

I:\2+52 1732+52

4m dzd?k | P G la Gu-lp
- 02/ Sz, K1)az(1 - 2) |2 - 2L B
o1 z(1 — z)167 W24+e2 g24e2

Frr = &V/Ne[-|G11|lG2r|F1 + (g1 - g2)F2]
Fii = €VNe[—|g11]|Goi|F2 + (a1 - q2)Fi]




Dependence on two photons virtualities

IF_(G2.Q0)|(GeV) IF (@QLQD)I(GeV)

0 10
10 20
20 30 .
30 40,,ce
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The relative sign of the form factor for two transverse photons and the form factor for
two longitudinal photons is opposite.




Normalized Transition Form Factor at the on-shell photon

(T T T T T [ T T T T
1.4 <0 0 — 12 n
F — [i-osc — E-osc ] L Xeo(1P) M, = 4.18 GeV 1
[ 0 (18) -~ Log --Log ] F _ R
12 o . Pow —ee Pow B [ o(1P) m, = 1.27 GeV 1
s | EoTs g ;
S i 4 <2 [ ]
£ 1  Fosf ]
w 1 w [ ]
= =
e e+
o r N 06
g':o.s— g': ;
wor [T
0.4~ ,
02 - 0.2~ m
| T N WS RN PN ST R N e I N R R W PN SRS T R R
5 10 5 10 15 20 25 30 35 40 45

Q? (GeVP) Q? (Ge\P)

The normalized form factor at the on-shell point, for one real photon.




nc(1S) and xo decay width

TFCXgmMgC 2 cm
M = 77) = 222 | (0,002, Tlxeo = 77) = S |y (0,0)
Xco
dzd?k,  ps(z, kL)
F,.(0,0) = Nc 4
1¢(0,0) \ﬁm/ R
M2 dzd?k k
Fuo0.0) = V22 g, [ B velnl)
2 z(1 — z)1673 k2 +m2
potential type mc [Fxo(0,0)] | T(xco = vv) | |Fnc(0,0)] | T(ne — vv)
[GeV] [GeV] [keV] [GeV—1] [keV]
harmonic oscillator 1.4 0.18 1.56 0.051 2.89
logarithmic 1.5 0.14 0.91 0.052 2.95
powerlike 1.334 0.16 1.32 0.059 3.87
Cornell 1.84 0.10 0.44 0.039 1.69
Buchmiilller-Tye 1.48 0.14 0.96 0.052 2.95




*~*-transition form factors for JP¢ = 111 axial mesons

2

= i Q1 QZ ~ M 2 A2
Muvp = l(th q2+m(q1+q2))pGuV7FTT(Q1,QZ)

1

AT tem

+ iet(q1)Gup \FFLT(QLQQ)JHG L(q2)Gup \FFTL(Qsz).

» Above we introduced

Gp,u = Euuaﬁqfqzﬁv X = (CI1 : Q2)2 - leqg

and the polarization vectors of longitudinal photons

2 2
[—q q- a2 [—q a - @
eb(‘ll) = 7X1 (‘TIZ;L - - *QIM) ) eb(‘h) = 72(6711/ - TClzu) .
1

2
» Fpr(0,0) =0, there is no decay to two photons (Landau-Yang).
> F1(Q?0) x Q (absence of kinematical singularities).

Frr(Q?,0)

fir(Q?) = 0

> f7(0) gives rise to so-called “reduced width” .




*~*-transition form factors for JP¢ = 111 axial mesons

» We found several interesting properties

e2\/N
A fir = £ C{( — Q%) (d1 + d2) —(v + Q%) (dy — 4’2)}
N—— N———
antisymetric symetric
e2\/N
QFr, = c{( -Q3) ¢1+¢2)+(V+Q§)(¢1*¢2)}7
and
FTT—*Mixc{QlFLT‘FQzFTL}
2 a2 dzd?k) -~ o (2 2 11
*0, %) = \/7/2(1721671-3 Yalz kL) 2){(kl+ Q)(aJrgZ I‘g#»sz)
—(G21 - kL)(/3+€2 +7B+€2)},

3 Q2 dzd?k| - - 1 1
®2(Q2,Q%) = -8 7*1/7 K )zl = 2)(Gos k) (m—s — 5——
2(6F, @3) Vaaz | 2 mens vale R0 = 2@ (55~ 7 )

v=a1- 02 = 2(M*+QF +Q3)




Dependence on two virtualities

Frr(Q% Q) (GeV) LFWF, power like potential  Fy(Q%, Q) (GeV) LFWF, power like potential

> Frr(Q?, Q2) and Fi7(Q2, Q3) by it self are not symmetric under exchange of
Qf > Q22, but they combine in symmetric and antisymmetric functions.

QFrL(Q%, Q%) — QuFLT (@2, Q3),
QFrL(Q?, Q2) + QuFLT (@2, Q3).

Fs(QF, Q3)
Fa(Q%, Q3)




v*~y — Xc1 transition form factors
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Reduced width of x1(1P)

While the 11+ meson does not decay into two real photons, it is common practice to
introduce reduced width '« «
We follow the convention of Ref. H. Aihara (TPC/Two Gamma Collaboration) Phys.Rev.D 38 (1988) 1

32n w? I3 (Q%) 327 w2
= 2J+1 — =T _(2J+1 BW(W?, M?)TH(Q%).
gjj N,~Nj( + )2\/X(W2—M2)2+M2I'2 N,~Nj( + )2M\/Y (W=, M7)T;:(Q7)
LT 2 A2 pg2 Wagm 2 2 A2
r'y*’y*(Ql7Q27M )= 3M FLT(leQZ)'
F(A) = lim M2 pir (@20 MZ):MF with fir = fim 2r(@%0)
Q250 Q2 7Y » Yy 3 LT > LT Q250 Q >

> Considerably larger values of ['(xc1)
are quoted in the literature. For

potential model me (GeV) | T(xe1) (keV) example Danilkin & Vanderhaeghen
power-law 1.33 0.50 (2017) report a value of
Buchmiiller-Tye 1.48 0.30 I(xc1) = 1.6keV from a sum rule
Cornell 1.84 0.09 analysis. Li et al. (2022) obtain
harmonic oscillator 1.4 0.53 M(xe1) i 3keV from a LFWF
logarithmic 1.5 0.27 approach.

A measurement of the reduced width
would therefore be very valuable.

v



https://inspirehep.net/literature/260840

Reduced ~; v width for x.1(3872)

The reduced width of the x1(2P) state for several models of the charmonium wave functions

cC potential me (GeV) | fr(0) | Ty (keV)
harmonic oscillator 14 0.041 0.36
power-law 1.334 0.033 0.24
Buchmiiller-Tye 1.48 0.029 0.18
logarithmic 15 0.025 0.14
Cornell 1.84 0.018 0.07
BLFQ 1.6 0.044 0.42

> First evidence for the production of x1(3872) in single-tag eTe™ collisions was
reported by Belle Phys. Rev. Lett. 126 (2021) no.12, 122001 From three measured
events, they provided a range for its reduced width, 0.02keV < F»W < 0.5keV.
Recent update by Achasov et al. Phys. Rev. D 106 (2022) no.9, 093012
using a corrected value for the branching ratio Br(xc1(3872) — n#™n~J/%) and
reads

0.024keV < [y (xc1(3872)) < 0.615 keV

> all our results, including the BLFQ approach, lie well within the experimentally
allowed range. Therefore, vy data do not exclude the c€ option, although there
is certainly some room for a contribution from an additional meson-meson
component.



https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.122001
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.106.093012

v¥*v — X2 Transition Form Factor
1

M
AT em pvef

5,fu(q2 —q1)a(q2 — q1)g Frr,0(Q%) +
2

q

+<q1u - 1

-q

L6L

navp
> q2u)5ia(CI2 —q1)s Fur(Q?),

2 2 M
Frr,0(Q°) = \/Wef B

Frr,2(Q?)
dz k, dk,

1
Q) /z(1—2z)8n2 [k +¢2]2

[mka_lz’%(z’ ki)
_ %((22 —-1) (?Z’%,(z, ki) +J)$T(Z’ kl)) + (1;’%(2, ki) — &ET(Z, kl)>):| ,

Frra(Q?) = —2\/Nce?(M2+Q2)/
k3
)

dz ky dk,

1
Vz(1 = 2)8r2 [k2 +£2]2

[mfkﬂz;}z(z, ki)
(22 = 1)(F2(e k) + 52 k) + (31202 k) — T2 kl)))] ,
Fir(Q?) = 4y/Nee? M/

deJ_ko_

z(1—2)ky
Vz(1 = z)872 [k3 +€2]?

«0>» «Fr» «=)»

4« E>»

(J’Tﬁl(z’ kL)-HﬁITl (z, kl)) .




The single-tag cross-section

do dL
ag =2 | W gaga (V@) ¢ coman (W, 07

The factor two appears because each of the lepton can emit the off-shell photon. In the narrow-
width approximation, we therefore have

do  5(2J+1) Q*\-1 2dL 2
=4t (1 W) deQzlszrw*w(Q),

dQ? M2
Off-shell widths are convention-dependent, and to compare to the experimental data from
Ref.Phys.Rev.D 97 (2018) 5, 052003, we note that the Belle collaboration writes
d 2J+1 2\ 2dL
o :47‘r2( + )(1 &) ) Belle( g?)
dQ? M2 dWdQ? lw=m 77
which means, that

(14 &) @,

2

327 w 2 2wy 2
i=—(2J+1 BW(W=, M*)T: .
i N,-Nj( + )2 (w=, ) U(Q )

MVX
orT = (47raem) {FTT 2%+ 2 (1 + %) m* F%T,U(Qz)}BW(W27 M?).
our = wa (40em)? F20(Q%) BW(W?, M?),



https://inspirehep.net/files/21f4c5619796be18b0cd6373e0552e25

~*~ cross-section and off-shell width
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Electron-ion collisions
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oTT cross-section for one virtual photon

Mnc rtot
VX (W2, = M2 )2 + M2 T2,

orr(Wyy, QF, @3) = M* () M(++)

The helicity amplitude M(A1, A2) = e}, (A1)e2(Aa) MM
Muv (v (@)Y (92) = 1c) = 4maem (_’)Epuaﬁql ‘-'I2 (Ql ) Qz)
X =(q1-q)%— q%q2, in the limit Q2 =0, VX=q1 g2 = (I\/I,Zk +Q?)/2

Mn Mot 2 2\ 272
< (M3 + Q%) F(Q%,0).
- M%C)Z + M%c r%ot K

UTT(W’Y’WQ O) =2r? O‘em (

We can take advantage of the relation Fyy—=mna)=7% a2, M3 |F(0,0)2

FXem M,

UTT(W’Y’Y7Q270) = 8 el (+&2>(i£f071?)2

(W2, — M2 )2 + M2.T2,,

~ 8w25(W37_M§C)I%Z( +072>( F(Q?, )))2

F(0,0

Phys. Lett.B 843(2023)138046



https://doi.org/10.1016/j.physletb.2023.138046

Differential distribution in photon virtuality
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Hadroproduction of 7-(1S,2S) via gluon-gluon fusion
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Summary

» Helicty amplitude technique was introduced with the light-front wave function of
QQ bound state in several spin configurations

> The properties of the photon-photon transition form factor were presented. The
comparison to BaBar(2010) for v*4* — 7. shows that a relatively good
description gives wave function power-like and the harmonic oscillator. The form
factor strongly depends on the quark mass.

> The relation at the on-shell point of the form factor and decay width or reduced
decay width were shown.

The radiative decay width for I'(nc — vv): (1.69 — 2.95) keV, I'(xco — v7) :
(0.44 — 1.56) keV
The reduced width for ['(xc1(1P) — 4*4*): in the range: (0.09 — 0.53) keV,

F(xe1(2P) = v*~*) : (0.07 — 0.36) keV, estimates by Achasov for X(3872):
(0.024 — 0.625) keV.

» For xc2 and xco off-shell widths from single tag cross-section were compared to
Belle data (2017).

» We proposed two investigate photon-photon fusion mechanisms in electron-lon
future colliders. Differential distributions for photon virtuality have been shown
for LE-EIC, HE-EIC, EicC and LHeC. The estimated cross-section is in the range:
(0.1 — 60) nb.

» We applied the transition form factor for 1. to a proton-proton collision including
proper color factors in k -factorization approach. From comparison to LHCb
data (2020) for 13TeV, we see that other production mechanisms must be
included for two points around 11 GeV and 13 GeV of the meson transverse

momentum.
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